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Abst ract - -An  application of graph theory to the study of the nature of bonding in crystals is 
discussed. The limiting factor to this application is the intensity of the computer calculations that 
axe required. An algorithm is described that permits the solution of the problem in some relatively 
small cases. However, even these small cases have yielded interesting results in describing bond 
lengths in crystals. More efficient algorithms, that may be developed in the future, could provide 
new and valuable insights into the field of crystal chemistry. 
The study of molecular and crystal structures has been a fertile source of interesting applications 
of graph theory. One important such application is the modeling of the nature of the bonding 
in a molecule using graphical representations of the molecule. The study of such representations 
is called molecular topology [1]. As an example of the way molecular topology can be used, 
the enumeration of the graphs that represent resonating structures of a given molecule enabled 
Pauling [2] to define and calculate bond numbers for each of the bonds in the molecule. These 
bond numbers can be used to estimate bond lengths in a molecule knowing only its topology. 
Boison et al. [3] have extended this idea to the calculation of what they defined to be resonance 
bond numbers in crystals. In this paper we discuss this definition and describe the procedure 
that was used to calculate the resonance bond numbers for the bonds in the ten silicate crystals 
studied by Boisen et al. [3]. 
We begin with a definition of resonance bond number for any assemblage of atoms. By an 
assemblage of atoms, (A,B), we mean a set of atoms A together with a set of unordered pairs 
of atoms B where {a, b} E B means that atoms a and b comprise a bond. An assemblage may 
be a molecule or a crystal. The definition of resonance bond number is based on the notion of a 
covalent bond. That is, a bond formed by the contribution of one or more valence electrons from 
each of the two atoms comprising the bond. The theory behind resonance bond numbers is, in 
large part, driven by the relationship between two competing conditions. The first is that each 
pair of atoms in B comprises a bond (this can be a single or a multiple bond). The second is that 
the number of bonds (counting double bonds twice, etc.) in which a given atom is to participate 
should equal the valence of the atom. Even in the case of molecules, it is often not possible to 
place bonds so that both of these conditions are met simultaneously. For example, if the valence 
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of an atom is less than the coordination number (the number of other atoms that comprise a bond 
with the atom), then the condition cannot be achieved. A resonance structure for an assemblage 
is one in which the second condition holds but only a weakened version of the first condition 
holds. The weakened version merely insists that the set of pairs of atoms comprising bonds in 
the resonance structure is a subset of B. The average number of bonds (counting multiplicity) 
between a pair of atoms in B over the family of all resonance structures for the assemblage is 
called the resonance bond number of that pair. 
To solve the problem of calculating resonance bond numbers, we restate the definition in 
strictly graph theoretical terms. A given assemblage (A, B) is modeled by a graph whose vertices 
represent the atoms in the assemblage and whose edges represent the designated bonds. Hence, 
an edge joins vertices v and w in the graph if and only if {a, b) E B where v represents he atom 
a and w represents he atom b. We call this graph the pattern graph because it is essentially a 
blueprint specifying where bonds in the resonance structures are allowed to exist. The resonance 
structures are modeled by Lewis graphs. Lewis graphs are defined to be graphs with the same 
vertex set as the pattern graph in which the valence condition is satisfied and in which an edge 
exists between vertices v and w only if v and w are joined by an edge in the pattern graph. While 
the pattern graph is a simple graph (no loops and no multiple links), a Lewis graph is loopless 
but may have multiple links. Loops are excluded because lone pairs are not considered in the 
bonding model under consideration. According to the definition given earlier, the resonance bond 
number of a given bond in the assemblage is the average number of edges that appear between 
the corresponding pair of vertices in the family of Lewis graphs. 
When an assemblage is a crystal, it has essentially an infinite number of atoms. In order to 
calculate resonance bond numbers in the crystal case, Boisen et al. [3] extracted a fragment from 
the crystal assemblage and slightly modified the definitions tated earlier to accommodate he 
fact that some of the atoms in the fragment are bonded, in the assemblage, to atoms not in 
the fragment. The vertices associated with the atoms bonded to atoms outside the fragment are 
called boundary vertices. The remaining vertices are called interior vertices. The degrees of the 
interior vertices in the Lewis graphs will be required to equal the valences of their corresponding 
atoms while the degrees of the boundary vertices are only required to be less than or equal to the 
valences of their corresponding atoms. With this in mind, a rigorous tatement of the problem 
can now be made strictly in graph theoretical terms: 
DEFINITION OF PATTERN AND LEWIS GRAPHS. Let G denote a simple graph with vertex set 
V(G) and edge set E(G). Let the valence function f : V ---* N (where IN denotes the natural 
n mbers) be given. Let Vale) VB(G) be such that V(a) = v (a) U VB(G) and v (a) n 
VB(G) = {~. We call such a graph a paltern graph and we call Vt(G) the interior vertices and 
VB(G) the boundary vertices. A graph H is called a Lewis graph of the pattern graph G, if and 
only if 
V(H) = V(a), 
(2) the only vertices that are joined by edges in H are those joined in G, 
(3) deg(v) = f (v)  for all v e Vz(G) and deg(v) < f (v)  for all v e VB(G). 
DEFINITION OF RESONANCE BOND NUMBER. The resonance bond number of an edge e, with 
ends v and w, in a pattern graph G is the average number of edges that join v and w in the 
family of all Lewis graphs that belong to G. 
In order for the resonance bond number to be a meaningful measure of the influence that the 
connectivity of the crystal has on the lengths of its bonds, the fragments extracted from the 
crystal must be relatively large. However, the computational expense of finding all of the Lewis 
graphs associated with even a modest sized fragment by a simple search method is extremely 
high. In the crystals in our study, every bond, for which resonance bond numbers were calculated, 
involves an oxygen, O, as the anion and some atom, X, (X = Si, Mg, ... ) as the cation. Given 
a cation X, all of the resonance bond numbers for the XO bonds are calculated simultaneously. 
This is accomplished by extracting a fragment consisting of all of the atoms that are a path 
distance of d or less from the X atom (that is, can be reached from X by traversing no more 
than d bonds in the crystal) where d is taken to be as large as is practical. The resonance bond 
numbers for the XO bonds are then calculated using this fragment. 
Bond numbers in crystals I01 
The technique, developed by Boisen et al. [3], to calculate the resonance bond numbers in these 
fragments consists of recasting the problem as a system of equations and inequalities, one for each 
atom in the fragment. Let {vl, v2, . . . ,  vm} denote the interior vertices of the pattern graph and 
let {Vm+l,Vm+2,...,Vn} denote the boundary vertices. Label the edges of the pattern graph 
{el, e2 . . . . .  %} and let the variable xi denote the number of edges in a given Lewis graph that 
correspond to e~. If {ei~, e~, . . . ,  eh(o} denote the edges in the pattern graph that are incident 
with vi, then, by the definition of a Lewis graph, 
zi, + zi~, +. . .  + xi,(,) = f(vi), when i < m 
and 
zil + z~2 +' "  + z~,(o < f(v~), when m < i < n, 
where 0 < zj < min {f (v j ) , f (w j )}  whenever ej joins vj and wj. The first step in the method 
used to enumerate all of the solutions to this system was to cast the problem in terms of matrices. 
Let M denote the n × p matrix defined by 
1, if vi is incident with e j; 
mij = 0, otherwise. 
Now the goal is to enumerate all of the integer solutions to the systems of equations: 
M 
(Xl) 
X2 
Xp 
k~ 
(1) 
where ki = f(vi) when 1 < i < m and 0 < ki < f(vi) when m < i < n and where 0 < xj < 
min {vj, wj } whenever ej joins vj and wj. 
The procedure used in Boisen et al. [3] to solve the system (1) began by using integer ow and 
column operations in an attempt to simplify the augmented matrix consisting of M augmented 
with the column of ki's. In each of the cases considered in that study, the augmented matrix 
was transformed into a matrix whose first n columns form an identity matrix. By combining the 
ranges of values allowed by the zj's associated with the first n columns with the ranges associated 
with the kj 's, only the values of the zj's associated with the last p-n  columns need be determined 
by a logical search technique. Let N denote the matrix formed by the last p - n columns of the 
transformed matrix. The search of the logical tree for all choices of the aej's associated with the 
columns of N was carried out by systematically choosing values for the zj's moving from left to 
right. A great number of forward checking devices were created in order to trim, from the logical 
tree, branches containing no solutions as early in the search process as possible. 
It is clear that the least value of d in the formation of the crystal fragment that has any hope of 
giving a reasonable approximation tothe crystal environment ofa bond is d = 3. In several cases 
of the silicates considered by Boisen et al. [3], the case d = 3 led to a pattern graph that was large 
enough so as to overwhelm the graph search program written to find all of the associated Lewis 
graphs. Consequently, each of these pattern graphs was simplified and then reduced in size. The 
simplification consists of replacing the pattern graph with one formed by taking each boundary 
vertex, say u, that is joined to two internal vertices, say v and w, in the original pattern graph 
(because of the chemistry involved, no two boundary vertices could be joined) and splitting it 
into two vertices, ul and u2, with ul joined to v and u2 joined to w. In all other ways, the new 
pattern graph is identical to the original. Note that no boundary vertex in the new pattern graph 
has a degree of 2. While this increases the total number of vertices in the pattern graph, it allows 
us to handle the boundary vertices combinatorically. To see how this is done, consider an internal 
vertex v in a pattern graph that has undergone the simplification just described. Suppose that 
{el, e2,.. . ,  ek, ek+l, . . . ,  e,~} are the edges incident with v where {et, . . . ,  ek} join v to all of its 
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adjacent boundary vertices {Wl,..., wk} of degree 1. Suppose that Lewis graphs are constructed 
by first considering all of the edges in the pattern graph not incident with v together with those 
edges that join v with boundary vertices of degree greater than 1 and interior vertices. Further 
suppose that, in our partially constructed graph, all of the vertices atisfy condition 3 of the 
definition of a Lewis graph with the exception of v, whose degree, t, is less than or equal to 
f(v), and the degree 1 boundary vertices joined to v, whose degrees are all currently zero. Then 
Lewis graphs can be formed by distributing f (v ) -  t edges between v and {Wl,..., wk} such that 
no more than min{f(v), f(wi)} edges join v with wi. Every such distribution leads to a Lewis 
graph and every Lewis graph that can be constructed from the partially constructed graph is 
the result of such a distribution. The number of such distributions, and hence the number of 
Lewis graphs that can be formed from the partially constructed graph, equals the number of ways 
f (v)  - t indistinguishable balls can be distributed to k distinguishable c lls with no more than 
min{f(v), f(wi)} balls in the ith cell. The solution to this problem takes essentially no time to 
calculate [4]. The result of this simplification is that the boundary vertices of the pattern graph 
no longer participate as vertices in the graph search portion of the construction of the Lewis 
graphs while the internal vertices that are joined to degree 1 boundary vertices of the pattern 
graph can now be treated as if they were boundary vertices. Hence, while the fragment extracted 
from the crystal consists of all atoms at a distance of three or less from the central X atom, only 
those atoms a distance of two or less from X and those a distance of three away from X that 
are bonded to more than two internal vertices (there are very few of these in a typical crystal) 
actually need be considered in the graph search program. This leads to a substantial reduction 
in computing time. 
As in all applications of mathematical models to physical phenomena,  battle was waged in 
this project between the completeness of the model (so as to best represent the complexities of 
the physical situation) and the simplicity of the model (so as to permit a mathematical solution). 
Possibly the best indicator of successful conclusion to the battle is when the simplified model 
can be solved and the answers are found to be consistent with what is observed in the physical 
situation. In this regard, Boisen et hi. [3] were successful in the sense that they were able to 
derive the equation 
(n~ -°.2~ 
R(XO)  = 1.39 xr /  
that matched the equation 
(:) R(XO)  = 1.39 
derived from experimental data where R(XO)  represents he XO bond length, n is the resonance 
bond number of the XO bond, r is the row number of the X-cation in the periodic table and s 
is the Pauling bond strength of the XO bond. However, it is cleat that many of the subtleties in 
the relationship between crystal topology, bond lengths and bond numbers can only be modeled 
by considering larger fragments, and hence larger pattern graphs, than the techniques used in 
Boisen et aL [3] would permit. Consequently, if the concept of resonance bond numbers is to 
be further developed for crystals, the creation of more efficient algorithms for enumerating the 
Lewis graphs is required. 
REFERENCES 
I. N. Trlnajstid, Chemical Graph Theory VoL I and II, CRC Press, Boca Raton, Florida, (1983). 
2. L. Pauling, The Nature of the Chemical Bond, Cornell University Press, Ithaca N.Y., (1960). 
3. M.B. Boisen, Jr., G.V. Gibbs and Z.G. Zhang, Resonance bond numbers: A graph-theoretic study of bond 
length variations in silicate crystals, Ph~/aics and Chemistry of Minerals 15,409-415 (1988). 
4. F.S. Roberts, Applied Combinatorics, Prentice-Hall Inc., Englewood Cliffs, New Jersey, (1984). 
